The main general relativistic effects in the motion of the Moon are briefly reviewed. The possibility of detection of the solar gravitomagnetic contributions to the mean motions of the lunar node and perigee is discussed.
Introduction
In a recent paper, Gutzwiller has provided an admirable review of the oldest three-body problem, namely, the Sun-Earth-Moon system [1] . Some work on the relativistic theory is mentioned in his paper; however, in view of the recent advances in relativistic celestial mechanics this subject deserves a more complete discussion. Here we provide a brief description of the main relativistic effects.
The lunar laser ranging experiment has opened up the possibility of measuring relativistic effects in the motion of the Moon; indeed, the agreement between the standard general relativistic model that contains over a hundred model parameters and the ranging data accumulated over the past three decades is excellent [2, 3] . For instance, the post-fit residuals in the Earth-Moon distance are at the centimeter level [2, 3] . Simple theoretical estimates lead to the conclusion that the main relativistic effects in the lunar theory are due to the spin-orbit coupling of the Earth-Moon system in the gravitational field of the Sun. The post-Newtonian influence of the solar field on the lunar motion consists of terms that can be classified as either harmonic (i.e. periodic) or secular (i.e. cumulative) in time. It turns out to be very difficult in practice to separate the harmonic terms from the corresponding Newtonian terms with the same periodicities. In effect, the existence of the post-Newtonian harmonic terms leads to small relativistic corrections in the numerical values of certain model parameters that are thereby adjusted by a fit to the ranging data. To give an example of such harmonic effects, we mention our prediction of a 6 cm relativistic tidal variation in the Earth-Moon distance with a period of 1/2 synodic month [4] .
The main secular terms turn out to be essentially due to the precessional motion of the Earth-Moon orbital angular momentum in the field of the Sun.
The Earth-Moon system can be thought of as an extended gyroscope in orbit about the Sun; we are interested in the description of the motion of the spin axis of this gyroscope with respect to the "fixed" stars (i.e. the sidereal frame).
An ideal pointlike test gyroscope carried along a geodesic orbit would exhibit, in the post-Newtonian approximation, geodetic precession due to the orbital motion around the mass of the source as well as gravitomagnetic precession due to the intrinsic rotation of the source; however, the finite size of the gyroscope in this case (i.e. the orbit of the Moon about the Earth) leads to additional tidal effects. The main post-Newtonian gravitoelectric effect, i.e. geodetic precession, results in the advance of the Moon's node and perigee by about 2 arcseconds per century as first predicted by de Sitter already in 1916 [5] . This motion has been measured by Shapiro et al. with an accuracy of about one percent [6] .
It is a relativistic three-body effect; therefore, we consider in the next section the restricted three-body problem in general relativity and briefly indicate, in particular, the more subtle post-Newtonian gravitomagnetic contributions to the motions of the Moon's node and perigee that are caused by the rotation of the Sun; indeed, solar rotation induces cumulative relativistic tidal effects in the Earth-Moon system [4] .
Restricted Three-Body Problem in General Relativity
In our previous work [4] , we developed a new scheme for the approximate treatment of the restricted three-body problem in general relativity. This coordinateinvariant approach is particularly useful for a reliable theoretical description of relativistic (solar) tidal effects in the motion of the Earth-Moon system. We assume that the Moon follows a geodesic in the gravitational field generated by the Earth and the Sun. This field may be calculated as follows: we first imagine that the Earth follows a geodesic in the solar field. Along this geodesic, we set up a geocentric Fermi coordinate system. This system, which involves the tidal field of the Sun, is then enhanced by taking due account of the field of the Earth in the linear approximation. Tidal effects in general relativity involve the projection of the Riemann tensor onto the tetrad frame of the measuring device. Consider the tidal matrix for a test system ("Earth") in free fall in the gravitational field of a rotating mass ("Sun"). In the standard first-order post-Newtonian treatment, the spatial axes of the local tetrad frame along the orbit are obtained by boosting the background Minkowski axes and adjusting scales to maintain orthonormality; the resulting tidal matrix for an approximately circular geodesic orbit turns out to be sinusoidal in time [7] . In this case, the tetrad frame is not parallel-transported, but its motion involves the Imagine, for instance, a set of three orthogonal test gyroscopes falling freely along an inclined circular geodesic orbit with constant radius r ("astronomical unit") about a slowly rotating central body ("Sun") with mass M and proper angular momentum J. The motion of the spin axes of these torque-free gyroscopes, which constitute a local inertial frame (i.e. the geocentric Fermi frame), is essentially governed by the equations of parallel transport along the geodesic orbit. By solving these equations using the post-Schwarzschild approximation scheme that takes M into account to all orders, it can be shown that the average motion of the gyroscope axes with respect to an effective Newtonian (i.e.
sidereal) frame consists of a gravitoelectric precessional motion-i.e. geodetic precession that was first completely analyzed by Fokker-together with a complex gravitomagnetic motion that can be loosely described as a combination of precessional movement and a harmonic nodding movement. The latter motion is a new relativistic effect of a rotating mass and has been referred to as relativis- 
which is directly proportional to the amplitude of relativistic nutation (ξ sin α) and exhibits a maximum (at τ = τ F /2) that is independent of the speed of light c. It follows from Eq. (2) that to first order in ω F τ 1, the dominant gravitomagnetic amplitude varies linearly with τ . This secular amplitude originates from a coupling of the nutation part of Schiff precession with the amplitude (∼ ω 2 ) of the Newtonian contribution to the gravity gradient [13] . It should be mentioned in passing that the relativistic quadrupole contributions to the tidal matrix have properties quite similar to the gravitomagnetic tidal effect described here [10] .
Let us now turn to the potentially observable effects of the solar gravit-omagnetic field on the lunar motion. The lunar path is determined by the Newton-Jacobi equation 
Here the analysis is limited to the first post-Newtonian approximation and ω F S represents the frequency of (Fokker plus Schiff) precession. The direction of Schiff precession is not fixed along the Earth's orbit; therefore, Φ contains (cumulative) secular terms (which represent simple precession) together with (harmonic) nutational terms of frequency 2ω and amplitude of order α ξ. Averaging over the latter terms, the dominant secular terms in Φ are given by
with respect to the geocentric Fermi frame at τ = 0, which has its first axis essentially along the radial position of the Earth, the third axis approximately along the direction of motion of the Earth and the second axis normal to the ecliptic (in a direction opposite to the Earth's orbital angular momentum about the Sun). We note that for ξ = 0, Eq. (5) and the Moon about the Earth (with frequency Ω). Then
where L 0 is the unperturbed orbital angular momentum with respect to the geocentric Fermi frame andω is given bỹ
to first order in the tidal perturbation characterized by the Newtonian regression frequencyω 0 = 3ω 2 /4Ω, which corresponds to a period of nearly 18 years [15, 16] . It is clear from Eqs. (4)- (9) that the motion of L can be expressed as a Newtonian regression modulated by long-term (secular) relativistic perturbations characterized by the de Sitter-Fokker, Schiff and gravitomagnetic tidal effects. To illustrate this point, let us assume for the sake of simplicity that in the absence of relativistic effects the lunar orbital angular momentum undergoes a steady regression of frequencyω 0 and that once relativistic effects are included the average motion in the Fermi frame is one of precession with the frequency given by Eqs. (7)- (9). It then follows that the expression for L 2 ,
i.e. the average of the second sidereal component of the lunar orbital angular momentum, contains a dominant gravitomagnetic contribution of the form 
Discussion
The results of our theoretical work are of particular interest for the description of dominant relativistic gravitational effects in the motion of the Moon, especially the gravitomagnetic tidal component of the motion of the orbital angular momentum of the Moon. It is important to point out that the eccentricities of the orbit of the Earth around the Sun and the orbit of the Moon about the Earth should be taken into account; we have ignored them in our preliminary analysis [16] . As lunar laser ranging data further accumulate, it may become possible in the future to deduce the angular momentum of the Sun from the measurement of the solar gravitomagnetic contributions to the mean motions of the lunar node and perigee.
It is interesting to compare our secular gravitomagnetic tidal terms with hy-pothetical terms that might indicate a temporal variation of the gravitational "constant" G. The Fermi frame adopted in this paper is such that the nutation vanishes at τ = 0. This frame can be obtained from the results given in Ref.
[11]; see, especially, p. 506.
[13] In this connection, it is also important to note that ω n vanishes for an equatorial orbit (α = 0) in contrast to the frequency of the full Schiff precession.
[14] The precise definition of the notion of a local geocentric frame was formu- 
